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Abstract
In a four dimensional manifold formalism we study the evolutionary behavior as well as the
ultimate fate of the universe, in the course of which the contribution of dark energy in these
phases are investigated. At one stage we get a situation (a condition) where the dark energy
contained dominates other types of energies available in this universe. In the model universes
we obtain here the dark energy is found to be of ΛCDM and quintessence types-which bear
testimony to being real universes. In one of the cases where the equation of state between the
fluid pressure and density is of the type of the van der Waals equation, it is found that our
universe may end in dust. And, also, it is seen that the behavior of the deceleration parameter
is almost compatible with the recent observation.
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1 Introduction
Recently, various observations suggested that our universe is experiencing an accelerated expansion
phase [1]. We believe that this accelerated expansion of the universe may be the result of some
mysterious dark energy. Many research papers have been published yet and rigorous research is
going on, to explain the origin of this mysterious dark energy. Nevertheless, the source of this
dark energy is an open problem for the present time. The cosmological constant Λ is the simplest
candidate to explain dark energy, and it is characterized by the parameter ω = −1 of the equation
of state p = ωρ and constant energy density ρ [2]. There are two fundamental physical parameters
in Einstein’s field equations, namely, the gravitational coupling G and the cosmological constant
Λ, which are usually assumed to be constants [3]. In the Einstein field equations the Newtonian
gravitational constant G acts as a coupling constant between matter and geometry; and this G can
behave also as a function of cosmic time as proposed by [4]. Subsequently, in the past few decades,
several suggestions have been proposed for G to vary with time based on different arguments; and
many other extensions of Einstein’s theory with variable G have also been proposed in order to
achieve a possible unification of gravitation and other forces of nature [5–7].
In early stage, the cosmological constant was appealed twice in modern cosmology. Einstein was
the first researcher who introduced cosmological constant to construct a static model of universe [9].
The universe possesses a non-zero cosmological constant, which is suggested by the observational
data [8]. In the last few years the cosmological constant problems have been studied seriously, which
promoted researchers to look in different ways in the names of dynamical dark energy models [10–20]
, modified gravitational theories [21–37]. Consequently, the time varying Λ theory has attracted
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the attention of researchers in recent years to explore new findings. Commonly, the time dependent
cosmological models can be developed to investigate the expansion history of the universe. The
coincidence problem may be explained by the class of cosmological models, which is coupled with
time dependent cosmological constant Λ = Λ(t).
Therefore, the cosmological model with time dependent cosmological constant might be reflected
to be an interesting problem to investigate the dynamics of dark energy as well as to focus on the
expansion history of the universe.
2 Various equations and exact solutions
Let M be a 4-dimensional manifold equipped with a metric g¯µν , which determines the space-time
interval as follows:
ds¯2 = g¯µνdx
µdxν = dt2 − a2(t)
[
dr2
1− kr2 + r
2(dθ2 + sin2 θdφ2)
]
(1)
where k = −1, 0, 1 is the curvature.
Now the corresponding Einstein field equations with time varying Λ and G give
8piGρ+ Λ = 3
a˙2
a2
+ 3
k
a2
(2)
and
8piGp− Λ = −2 a¨
a
− a˙
2
a2
− k
a2
. (3)
Here the continuity equation takes the form
ρ˙+ 3H(p+ ρ) = 0 (4)
where H is the Hubble parameter.
Case-I:
We take the equation of state to be
p
ρ
= −ω. (5)
Now adding up (2) and (3) we have
8piG(p+ ρ) = 2
a˙2
a2
− 2 a¨
a
+ 2
k
a2
(6)
Also (4) and (6) give
− 8piGa
a˙
ρ˙ = 6
a˙2
a2
− 6 a¨
a
+ 6
k
a2
(7)
Again differentiations both sides of (2) we get
8piGρ˙+ 8piG˙ρ+ Λ˙ = 6
a˙a¨
a2
− 6 a˙
3
a3
− 6k a˙
a3
(8)
And from (6) we have
− 3 a˙
a
[8piG(p+ ρ)] = 6
a˙a¨
a2
− 6 a˙
3
a3
− 6k a˙
a3
(9)
2
From (8) and (9),
8piGρ˙+ 8piG˙ρ+ Λ˙ = −3 a˙
a
[8piG(p+ ρ)] (10)
Using (4) and (10) we have
8piG˙ρ+ Λ˙ = 0 (11)
Again (4) and (5) give
ρ = a0a
3(ω−1), (12)
where a0 is an arbitrary constant. Now from (5) and (12), we have
p = −ωa0a3(ω−1) (13)
Then from (4), (5) and (6) we get
− 8piG(ω − 1)a0a3(ω−1) = 2 a˙
2
a2
− 2 a¨
a
+ 2
k
a2
(14)
Without loss of generality we separate (14) into two equations
3
a˙2
a2
− 3 a¨
a
= −c (15)
and
− 8piG(ω − 1)a0a4(ω−1) = −c+ 3 k
a2
(16)
where c is a separation constant.
Now (15) gives,
a = e
ct2
2
+c0t+c1 , (17)
where c0 and c1 are arbitrary constants. Here the scale factor expands rapidly with time and no
singularity is observed within finite time. And from (16) we have
G =
9
8pia0(ω − 1) [c− ke
−ct2−2c0t−2c1 ]e−3(ω−1)(
ct2
2
+c0t+c1) (18)
The gravitational constant G becomes infinity for ω = 1 and it converges to zero as t → ∞ for
c = 0, however it diverse to infinity as t → ∞ for non zero c. Hence we conclude that, for c = 0,
there is no importance of gravitational constant G in an infinite time.
Now using (2)
Λ =
2ω + 1
ω − 1 ke
−ct2−2c0t−2c1 + 2(ct+ c0)2 − 3c
ω − 1 (19)
Here, the deceleration parameter
q = −1− c
(ct+ c0)2
(20)
Expansion factor
θ = 3(ct+ c0) (21)
Recently, Sahni et al. [38] and Alam et al. [39] have introduced a pair of new cosmological param-
eters, the so-called statefinder parameters (r, s). These are given by
r = 1 + 3c(ct+ c0)
−2 (22)
3
Figure 1: The deceleration parameter q versus cosmic time t in GYrs. The various observational
data suggested that [1], to explain the present cosmic acceleration the range of the deceleration
parameter must be lies between -1 to 0. From the figure it is observed that the deceleration
parameter q → −1 as t→∞, which indicates that the expansion of our universe is in an accelerating
way. Hence the deceleration parameter is fit with the present observational data [1]
Figure 2: We assumed the cosmic time t in GYrs. From the figure it is observed that the statefinder
parameters r and s behave in such a way that r → 1 as t→∞ and s→ 0 as t→∞, which indicates
that our universe represents a ΛCDM model in future time [38,39].
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and
s = −2c[3(ct+ c0)2 + 2c]−1 (23)
Jerk parameter
j(t) = 1 +
3c
(ct+ c0)2
(24)
And in this case the velocity of sound cs is given by
c2s =
dp
dρ
= 1 (25)
Again from (2), (18) and (19) we get
ρ = a0e
3(ω−1)( ct2
2
+c0t+c1) (26)
And (3), (18) and (19) give
p = −a0ω + 2
3
e3(ω−1)(
ct2
2
+c0t+c1) (27)
Thus from (5), (26) and (27) we get
ω = 1 (28)
And this implies that the fluid takes the form of the vacuum type of dark energy and the pressure
and energy density of the fluid are found to be constant in this case. However if ω 6= 1, then in this
case our universe seems to exist between t1 and t2 given by
t =
−2c0 ±
√
4c20 − 4c(2c1 − b1)
2c
(29)
where b1 = log
(
k
c
)
Case-II:
Here we assume the scale factor to be of the form (some call it as the hybrid scale factor)
a = tαeβt, (30)
where α and β are arbitrary constants. Then from (2) and (3) we get respectively
ρ =
1
8piG
[3(αt−1 + β)2 + 3kt−2αe−2βt − Λ] (31)
and
p =
1
8piG
[Λ− 2{2αβt−1 + (α2 − α)t−2 + β2} − 2(αt−1 + β)2 − 2kt−2αe−2βt] (32)
Now using (31) and (11) we get[
3(αt−1 + β)2 + 3kt−2αe−2βt − Λ
]
G˙
G
+ Λ˙ = 0 (33)
Here taking
3(αt−1 + β)2 + 3kt−2αe−2βt = b0Λ (34)
where b0 is an arbitrary constant, equation (33) gives
(b0 − 1)ΛG˙
G
+ Λ˙ = 0 (35)
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Figure 3: We assumed the cosmic time t in GYrs. From this figure it is observed that the statefinder
parameter r varies from zero to one, i. e. 0 ≤ r ≤ 1 as t varies from zero to infinity [38,39].
from which we get
G = b1b
b0−1
0 [3(αt
−1 + β)2 + 3kt−2αe−2βt]1−b0 (36)
Again from (31) we get
ρ =
2
3pi
b−11 b
1−b0
0 (1− b−10 )[(αt−1 + β)2 + kt−2αe−2βt]× [(αt−1 + β)2 + kt−2αe−2βt] (37)
And from (32) we have
p = − 1
4pi
b−11 b
1−b0
0 [(αt
−1 + β)2 + kt−2αe−2βt]b0−1 (38)
×
[(
1− 2
b0
)
{(αt−1 + β)2 + kt−2αe−2βt}
+ {2αβt−1 + (α2 − α)t−2 + β2}
]
In this case we get
r =
3αβ2t2 + 3(α2 − α)βt+ (α− 2)(α2 − α) + β3t3
(α+ βt)3
(39)
s =
6αβt3 + 2α(3α− 2)t2
9(α+ βt)3[2αβt+ (α2 − α) + β2t2] (40)
θ = 3(αt−1 + β) (41)
q = −[2αβt−1 + (α2 − α)t−2 + β2](αt−1 + β)2 (42)
j(t) =
3αβ2t2 + 3(α2 − α)βt+ (α− 2)(α2 − α) + β3t3
(α+ βt)3
(43)
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Figure 4: We assumed the cosmic time t in GYrs. From this figure it is observed that the statefinder
parameter s varies from zero to some constant which is less than one for finite time; however, after
that point s is gradually decreases until it reaches zero as t→∞ [38, 39].
Figure 5: The deceleration parameter q versus cosmic time t in GYrs. The various observational
data suggested that [1], to explain the present cosmic acceleration the range of the deceleration
parameter must be lies between -1 to 0. In this case the deceleration parameter q varies from
negative infinity to negative one, that is, −∞ < q < −1 as t varies from zero to infinity.
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Figure 6: We assumed the cosmic time t in GYrs. In this case the equation of state parameter ω
varies from −1 to zero i. e. −1 ≤ ω ≤ 0. Finally ω → −1 as t → ∞, which indicates that our
universe is dominated by cosmological constant Λ [1].
Case-II(a):
As a special case if we take b0 = 2, then
Λ = (αt−1 + β)2 + kt−2αe−2βt (44)
G = 2b1[(αt
−1 + β)2 + 2kt−2αe−2βt]−1 (45)
ρ =
3b−11
8pi
[(αt−1 + β)2 + kt−2αe−2βt]2 (46)
and
p = −9b
−1
1
8pi
[(αt−1 + β)2 + kt−2αe−2βt]× [2αβt−1 + (α2 − α)t−2 + β2] (47)
Therefore, we have
p
ρ
= − (αt
−1 + β)2 − αt−2
(αt−1 + β)2 + kt−2αe−2βt
(48)
Case-III:
In this section, we consider the possibility of using a van der Waals fluid equation of state to
describe the present accelerated expansion of the universe. The understanding of the nature of
the liquid state of matter in the universe is connected with the van der Waals equation. This
was formulated nearly about 150 years ago [40]. Capozziello et al [41] proposed a model of the
universe that contains a baryonic component with a barotropic fluid equation of state (p = ωρ)
and a dark fluid component characterized by a van der Waals equation of state that causes a late
8
time accelerated expansion of the universe. Unlike conventional barotropic models, a van der Waals
fluid contains phase transitions between different cosmological eras. One fascinating aspect of the
van der Waals fluid model proposed by Capozziello et al [41] is that it also contains an early time
de-Sitter expansion followed by a matter dominated epoch without the introduction of a separate
scalar field. In other words, it is found that both an early and late time accelerated expansion
(e.g. inflation and dark energy) may be caused by the same van der Waals fluid. Therefore, in this
section the model for a spatially flat, homogeneous and isotropic universe is considered, where the
source of gravitational field is described by a perfect fluid with a van der Waals equation of state
in the absence of dissipative processes [42,43]. The pressure of the van der Waals fluid p is related
to its energy density ρ by
p =
8ωρ
4− ρ − 3ρ
2 (49)
Now from (4) and (49) we get∫
da
a
=
1
12
∫
dρ
(ρ− 136 )2 + 8ω3 − 12136
(50)
− 1
4(1 + 2ω)
∫
dρ
ρ
+
1
8(1 + 2ω)
∫
(6ρ− 13)dρ
4 + 8ω − 13ρ+ 3ρ2
− 1
8(1 + 2ω)
∫
13dρ
4 + 8ω − 13ρ+ 3ρ2
Sub-Case-IIIa:
If 4 + 8ω < 3(13/6)2, then in this case
a = b1
∣∣∣∣3ρ−√121− 96ω3ρ+√121− 96ω
∣∣∣∣ 12ω−332(1+2ω)√121−96ω (51)
× ρ− 14(1+2ω) × (3ρ2 − 13ρ+ 4 + 8ω)
Sub-Case-IIIb:
If 4 + 8ω = 3(13/6)2, then in this case
a = b212
− 6
169 ρ−
12
125 (6ρ− 13) 12169 e 27526 (6ρ−13)−1 (52)
Sub-Case-IIIc:
If 4 + 8ω > 3(13/6)2, then in this case
a = b3ρ
− 1
4(2ω+1) × (3ρ2 − 13ρ+ 8ω + 4) 18(2ω+1) (53)
× exp
[
12ω − 33
(2ω + 1)(96ω − 121) 12
tan−1{(96ω − 121)−12 (6ρ− 13)}
]
Sub-Case ω = 0
It corresponds to the equation of state p = −3ρ2. Thus from (4) we get
a = b4ρ
−1
4 (3ρ− 1) 14 (54)
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3 Discussion and Conclusion
In Case-I we see that the constants c and c0 play important roles in the evolution of the universe,
that is, they both determine the evolutionary behavior as well as ultimate fate of the universe.
From the figure-1 it is observed that the deceleration parameter q → −1 as t→∞, which indicates
that the expansion of our universe is in an accelerating way. Hence the deceleration parameter
is fit with the present observational data [1]. If c = 0 the statefinder pair becomes (1, 0), which
indicates that our universe represents a cosmological model whose equation of state is ω = −1,
thus showing that the dark energy filling our universe is of the vacuum energy type [2]. From the
figure-2 it is observed that the statefinder parameters r and s behave in such a way that r → 1
as t → ∞ and s → 0 as t → ∞, which indicates that our universe represents a ΛCDM model in
future time [38,39].
From the expressions of deceleration parameter and expansion factor we see that the rate of
expansion of the universe increases with time which is in agreement with the accelerated expansion
of the universe [1]. In this model the pressure and density of the universe happen to be constants.
And it is an interesting case when the dark energy dominates other types of energies available in
this unverse so that the energy density does not change.
Again on the other hand, if ω 6= 1, then in that case we get the solutions t1 and t2 from (29)
which gives us the cosmological epoch (between t1 and t2) during which our universe will (exist
and) manifest its different activities. And in this case there is less possibility of the universe to
be a flat one. From the value of the velocity of sound cs obtained here it is seem that our model
universe is a stable one.
In Case-II if α = 0, then r = 1 and s = 0. Thus in this case the statefinder parameter pair
(r, s) is found to be (1, 0) which indicates that our universe represents a ΛCDM [38, 39] model
with an equation of state parameter ω equal to −1. Also, from the figure-3 it is observed that the
statefinder parameter r varies from zero to one, i. e. 0 ≤ r ≤ 1 as t varies from zero to infinity.
From the figure-4 it is observed that the statefinder parameter s varies from zero to some constant
which is less than one for some finite time; however, after that time s is gradually decreases until
it reaches zero as t → ∞. Here at t = 0, the pressure and density of our universe tend to infinity
which indicates that it started its evolution with a big bang. From the expression of G we see
that, just after the beginning of the evolution of our universe it inflates until it stops the inflation
process for sometime undergoing some different phases until it suddenly bounce to an accelerating
expansion phase, thus G is tending to 0 at infinitely large time from the beginning.
Again if α is positive and k 6= −1, then from (47) we see that pρ > −1; thus in this case the
dark energy contained in our universe takes the form of quintessence. And in this case Λ is not
defined at the beginning of the evolution of the universe [11], but approaches a finite value 3β2 as
t→∞. Thus it seems that in this model β plays a significant role in its evolutionary history and
determine the ultimate fate of this universe. The various observational data suggested that [1],
to explain the present cosmic acceleration the range of the deceleration parameter must be lies
between -1 to 0. In this case, from the figure-5, it is observed that the deceleration parameter q
varies from negative infinity to negative one, that is, −∞ < q < −1 as t varies from zero to infinity.
Eventually, from the figure-6, it is observed that, the equation of state parameter ω varies from −1
to zero i. e. −1 ≤ ω ≤ 0. Also, ω → −1 as t→∞, which indicates that our universe is dominated
by cosmological constant Λ [1].
In Case-III we see that all the three solutions allow values of ρ to exist when a → 0, and
asymptotic roots are there whereas the equation of state is in compromise with the early stage of
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the universe. Again from equations (51), (52) and (53) it is found that
ρ→ ρ0 = 1
6
[13−√121− 96ω] (55)
which means that, in all the solutions, ρ0 is an asymptotic root. Now from (55) we obtain the
validity condition in the form 0 < ω ≤ 2196 and this is the initial asymptotic condition related to
which the universe undergoes expansion as ρ decreases. Thus it is implied that as a → 0, in a
fluid with van der Waals equation of state, the energy density does not diverge. Therefore in this
case big bang singularity is not there. On the other hand equations (49) and (55) give p = −ρ0.
From this we may conclude that for very small value of ‘a’ the fluid with van der Waals equation
of state contains dark energy of the Λ-type or the vacuum energy type. And in the beginning of
the expansion of our universe the relation p ≈ −ρ holds, and thus for 0 < ω ≤ 12196 , a de Sitter-like
expansion is occur. And in the case ω = 0 we see that there is a singularity when the energy density
of the universe takes the constant value 13 , and perhaps it may be a point of bounce. Moreover there
is possibility of the universe becoming infinitely flattened as the accelerated expansion increases
considerably and thereby the universe ultimately reducing to dust (ending in dust); and this may
be considered as a phenomenon due to the dark energy contained in this universe.
Overall, we have studied the late time accelerated expansion of the universe. The exact solu-
tion of the Einstein’s field equations is derived. The evolutionary behavior as well as the ultimate
fate of the universe, in the course of which the contribution of dark energy in different phases
are investigated. At one stage we get a situation (a condition) where the dark energy contained
dominates other types of energies available in this universe. In the model universes we obtain here
the dark energy is found to be of ΛCDM and quintessence types-which bear testimony to being
real universes. In one of the cases where the equation of state between the fluid pressure and
density is of the type of the van der Waals equation, it is found that our universe may end in
dust. And, also, it is seen that the behavior of the deceleration parameter is almost compatible
with the recent observation. The solutions for the scale factor from different models include power
law, exponential and product of power law and exponential universe models. Similar type solu-
tions have been found in the context of a cosmological scenario with an homogeneous equation of
state [12–15]. Further, we found that our models do not contain any finite time singularities in past
or future. However, some of the models with time varying cosmological constant Λ may allow finite
time singularities in past or future depending on the free parameters of the models discussed by [20].
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